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Acoustic Receptivity of Mach 4.5 Boundary Layer with Leading-
Edge Bluntness  
 
Abstract Boundary layer receptivity to two-dimensional slow and fast acoustic waves is 
investigated by solving Navier-Stokes equations for Mach 4.5 flow over a flat plate with 
a finite-thickness leading edge.  Higher order spatial and temporal schemes are employed 
to obtain the solution whereby the flat-plate leading edge region is resolved by providing 
a sufficiently refined grid.  The results show that the instability waves are generated in 
the leading edge region and that the boundary-layer is much more receptive to slow 
acoustic waves (by almost a factor of 20) as compared to the fast waves.  Hence, this 
leading-edge receptivity mechanism is expected to be more relevant in the transition 
process for high Mach number flows where second mode instability is dominant.  
Computations are performed to investigate the effect of leading-edge thickness and it is 
found that bluntness tends to stabilize the boundary layer.  Furthermore, the relative 
significance of fast acoustic waves is enhanced in the presence of bluntness.  The effect 
of acoustic wave incidence angle is also studied and it is found that the receptivity of the 
boundary layer on the ‘windward’ side (with respect to the acoustic forcing) decreases by 
more than a factor of 4 when the incidence angle is increased from 0 to 45 deg.  
However, the receptivity coefficient for the ‘leeward’ side is found to vary relatively 
weakly with the incidence angle.   
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1 Introduction 
Laminar-turbulent transition prediction remains an unsolved problem despite a significant amount of 
research carried out during the past few decades.  The various parameters that influence the location of 
transition include: leading-edge (or nose) radius, body angle of attack and sweep, surface temperature, 
surface curvature, pressure gradients and flow chemistry.  In addition, parameters such as free-stream 
vorticity, sound, entropy spots, surface roughness and vibrations all influence the outcome.  The first set 
of parameters primarily determines the nature and level of boundary layer instability.  The second set 
constitutes environmental disturbances that act as ‘external’ forcing; these disturbances are internalized in 
the boundary layer through the process of receptivity.  Receptivity process assigns the initial amplitude of 
boundary layer disturbance modes, which then amplify linearly followed by nonlinear saturation and 
secondary instabilities leading to laminar-turbulent transition. 
In order for an unsteady external forcing to excite an instability wave, both the frequency and the 
wavelength of the forcing disturbance must match with those of boundary-layer instability waves.  The 
spatial scales of free-stream disturbances and boundary-layer instabilities are, in general, significantly 
disparate.  Therefore, a wavelength conversion mechanism is needed for an external disturbance to excite 
an instability wave in a boundary layer.  A strongly nonparallel mean flow, such as the leading-edge flow 
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or that in the vicinity of a localized inhomogeneity, has all the required spatial scales for this conversion 
to take place.  It was this realization which formed the basis of Goldstein’s [1-2] seminal work on 
generation of Tollmien-Schlichting waves by long wavelength free-stream disturbances. 
In a low-speed boundary-layer, an instability wave induced via the leading-edge receptivity mechanism 
goes through a region of strong attenuation before amplification in the downstream unstable zone.  
Therefore, the overall effect of leading-edge receptivity is relatively weak in a low-speed boundary layer 
compared to, for example, receptivity due to a localized flow inhomogeneity (e.g., curvature 
discontinuity, wall roughness) located near the neutral point.  However, for hypersonic flows, Kendall [3] 
found flow fluctuations of substantial amplitude within the boundary layer ahead of the locations where 
instability waves are expected to grow according to linear stability theory.   Kendall’s measurements were 
made in a conventional tunnel where the turbulent tunnel wall boundary layers radiate acoustic noise into 
the test section.  In such circumstances, leading-edge receptivity would constitute the dominant source of 
instability waves in the boundary-layer.   It is not clear what will be the source of disturbances in a quiet 
tunnel or in flight, but high frequency disturbances were detected outside the boundary layer in the F-15 
cone flight experiment [4] performed at low supersonic Mach numbers.  
There have been a number of investigations conducted on the interaction of acoustic waves with 
supersonic boundary layers. The interaction of acoustic waves with a supersonic boundary layer using 
inhomogeneous stability equations was investigated in Ref. [5-6]. One important finding was that due to 
the interaction, the acoustic waves excite disturbances inside the boundary layer, which are much larger 
than that in the free stream. The interaction of stream acoustic waves with a non-parallel boundary layer 
was studied in [7]. The analysis and the calculations showed that the disturbance amplitude inside the 
boundary layer reach significantly higher values compared to that in the free stream.  The study indicated 
the existence of a critical Reynolds number for optimal excitation of boundary layer disturbances.  
For a supersonic boundary-layer with sufficiently high Mach number to allow both first and second Mack 
modes [8], Fedorov and Khokhlov [9] considered boundary layer response to both the fast (with phase 
speed C = 1+1/M) and slow (with phase speed C = 1-1/M) acoustic waves.  The boundary layer modes 
excited near the leading edge by the two acoustic waves can be referred to as Mode F and Mode S, 
respectively, for convenience.  The work of Fedorov and Khokhlov [10] and Fedorov [11] identified two 
receptivity mechanisms in this Mach number regime: (1) leading-edge receptivity and (2) synchronization 
between Mode F and Mode S.  In the latter case, fast acoustic wave excites mode F near the leading edge 
which transfers its energy to the slow mode as the disturbance propagates downstream in the boundary 
layer.  For an adiabatic wall, Fedorov [11] found that receptivity to slow acoustic waves could be as much 
as 50 times the receptivity via the fast acoustic waves.  Thus, the leading-edge receptivity via the slow 
mode excitation is much stronger than in the case of inter-modal exchange.  Even though Mode F is 
stable, it could play an important role in some instances in the generation of boundary layer instability 
process via the inter-modal exchange.  According to Fedorov [11], this receptivity mechanism may gain 
significance in the highly cooled boundary-layers that support second mode instability. 
Ma and Zhong [12] performed direct numerical simulation for a Mach 4.5 flat-plate boundary layer to 
investigate receptivity to fast acoustic waves, i.e. the mechanism of inter-modal exchange.  Adiabatic wall 
boundary condition was used in their study, which employed a fifth-order accurate shock-fitting method.  
In their work, the plate leading-edge was sharp and the associated singularity was ‘ignored’ in the 
numerical simulation.  The flow in the leading edge region was computed by using a second-order 
accurate total variation diminishing (TVD) shock-capturing method.  It is not clear how the free stream 
acoustic disturbances were numerically prescribed in in the region computed by the TVD scheme.  In a 
more recent study, Egorov, Fedrov and Soudakov [13] carried out a similar investigation at a Mach 
number of 6 whereby simulation of receptivity to slow and fast acoustic waves was performed and the 
effect of incidence angle was studied.  Only the ‘sharp’ leading-edge case was considered and, therefore, 
flow in this region was not appropriately resolved. 
 3 of 27 
 
In this paper we study the receptivity of Mach 4.5 boundary layer including the effect of leading edge 
bluntness.  While this Mach number is in the supersonic regime, it does support Mack’s second mode 
instability which is relevant in hypersonic boundary layer transition.  At high Mach numbers, the second 
mode constitutes the dominant mode of instability with real gas effects only modifying the quantitative 
results (see Malik [14]).  Therefore, Mach 4.5 boundary layer can be considered a model problem for 
investigation of hypersonic boundary layer receptivity and stability in two-dimensional boundary layers.   
 
In the present study, we employ a fifth-order weighted essentially non-oscillatory (WENO) scheme for 
spatial discretization and use third-order TVD Runge-Kutta scheme for time integration to solve for the 
boundary layer receptivity problem.    We have selected the flow conditions used by Ma and Zhong [12] 
except that the flat-plate leading-edge has a finite thickness and the flow around the leading edge is 
resolved by using a sufficiently dense grid. We assume adiabatic wall condition for steady flow 
computations.  The objectives are to understand the receptivity process near the leading edge of a flat 
plate whereby the leading edge is properly modeled.  Computations are performed to determine whether 
the slow or the fast acoustic waves are more efficient in generating the instability waves and to estimate 
the effect of wave incidence angle in generating the instability waves.  Computations are also carried out 
with three different values of leading-edge thickness in order to determine the effect of small bluntness on 
receptivity and stability of a supersonic boundary layer subject to first and second mode instabilities.  
The structure of the rest of the paper is as follows.  The governing equations and the numerical solution 
technique are described in Section 2.  Relevant linear stability results and those obtained by solving full 
Navier-Stokes equations are given in Section3.  Final conclusions are drawn in Section 4. 
 
2 Governing Equations and Numerical Method 
The partial differential equations solved are the three-dimensional unsteady compressible Navier-Stokes 
equations in conservation form 
∂
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Here (x,y,z) are the Cartesian coordinates, (u ,v ,w) are the velocity components, ρ is the density, and p is 
the pressure. E is the total energy given by  
E = e + u
2 + v2 + w2
2
, 
       e = cvT , p=ρRT.                                                                       (3) 
Here e is the internal energy and T is the temperature. The shear stress and the heat flux are given by 
     τ ij = μ ∂ui∂xj +
∂uj
∂xi −
2
3
δ ij ∂uk∂xk
⎧ ⎨ ⎩ 
⎫ ⎬ ⎭ ,   qj = −k
∂T
∂x j .                                           (4) 
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The viscosity (μ) is computed using Sutherland’s law and the coefficient of conductivity (k) is given in 
terms of the Prandtl number Pr. The variables ρ, p, T and velocity are non-dimensionalised by their 
corresponding reference variables ρ∝, p∝, T∝ and RT∞  respectively. The reference value for length is 
computed by νx0 / U∞ , where x0 is the location of the beginning of the computational domain from the 
leading edge in the streamwise direction. For the computation, the equations are transformed from 
physical coordinate system (x, y, z) to the computational curvilinear coordinate system ξ,η,ζ( ) and, 
hence, the governing equations become 
   
∂
∂t Q i +
∂
∂xj F ji − F vji( )= 0.                                                      (5) 
where the components of the flux are related to the flux in the Cartesian domain by 
 Q i = QiJ ,   F ji[ ]= JJ Fji[ ],                                                        (6) 
and J = ∂(ξ,η,ζ )∂(x,y,z)
⎡ 
⎣ ⎢ 
⎤ 
⎦ ⎥ .  
 
2.1 Solution Algorithm 
 
A schematic diagram of the computational set up is depicted in Fig. 1.  The governing equations are 
solved using a 5th order accurate WENO scheme for space discretization and using a third order, total 
variation diminishing (TVD) Runge-Kutta scheme for time integration. These methods are suitable in 
flows with discontinuities or high gradient regions. These schemes solve the governing equations 
discretely in a uniform structured computational domain in which flow properties are known point wise at 
the grid nodes. They approximate the spatial derivatives in a given direction to a higher order at the 
nodes, using the neighboring nodal values in that direction, and they integrate the resulting equations in 
time to get the point values as a function of time. Since the spatial derivatives are independent of the 
coordinate directions, the method can be naturally extended to treat multi-dimensional flow. It is well 
known that approximating a discontinuous function by a higher order (two or more) polynomial generally 
introduces oscillatory behavior near the discontinuity, and this oscillation increases with the order of the 
approximation. The essentially nonoscillatory (ENO) and the improvement of these WENO methods are 
developed to keep the higher order approximations in the smooth regions and to eliminate or suppress the 
oscillatory behavior near the discontinuities. They are achieved by systematically adopting or selecting 
the stencils based on the smoothness of the function, which is being approximated.  Description of the 
WENO and TVD methods is given in Ref. [15], while Ref. [16] considers application to the N-S 
equations.  Details of the solution method employed in the present computation can be found in Ref. [17]. 
 
In the present simulation, the blunt flat plate is assumed to align with the free stream.  At the outflow 
boundary, characteristic boundary conditions are used, while at the wall, velocity components are 
assumed to vanish as is the heat flux.  In addition, continuity equation is prescribed at the wall to close the 
solution.  In the mean flow computations, the free-stream values are imposed at the outer boundary, 
which lies outside the bow shock.    In the unsteady computations, acoustic disturbances are superposed 
on the uniform free stream at the outer boundary.  Also, in this case, wall temperature fluctuations are 
assumed to vanish instead of perturbation heat flux (see [18]). 
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The computational procedure we adopt is to first compute the steady mean flow by performing unsteady 
computations using a variable time step (based on a CFL number of 0.3) until the maximum residual 
reaches a small value ~10-11.  After the steady state solution is obtained, the next step is to introduce 
unsteady disturbances at the outer boundary of the computational domain and to perform time accurate 
computations to investigate interaction of acoustic waves with the plate leading edge and evolution of 
instability waves thus generated within the boundary layer.  Since we use very fine spatial grid to resolve 
the leading-edge region, these computations require very small time step which is taken as the minimum 
time step allowable for a CFL number of 0.3.  In the nose region, about 500,000 time steps per cycle are 
used.  The computational domain is divided into two regions and larger time steps can be taken in the 
downstream region.  While the simulation allows nonlinear effects, the forcing amplitude is kept small 
enough in this study for dominant mechanisms to be governed by linear dynamics. 
 
The acoustic field imposed at the outer boundary is taken to be of the following form: 
  
        p' = Re al ˜ p eiαacx + iε ac y− iωt{ }.                                             (7) 
 
Here αac, εac are the x,y wavenumbers, respectively, of the acoustic wave, and ω is the corresponding 
frequency.  The incident angle θ  of the acoustic wave is defined as 
θ = tan−1 εacαac  
 
Here, θ = 0 signifies a wave which is aligned with the free stream while θ > 0 signifies the wave that 
impinges on the lower side of the plate y < 0.  Since we are computing the flow field including the leading 
edge, the unsteady flow field in the upper part of the domain y > 0 corresponds to the case θ  < 0 and we 
do not need to perform separate computations for the waves radiating from above and below.  
 
3 Results 
Computations are performed for Mach 4.5 flow over a semi-infinite flat plate with a blunt leading edge.  
The boundary layer at this Mach number is susceptible to both first and second mode disturbances (in 
Mack’s [4] terminology) and, therefore, the associated instability phenomenon is relevant to hypersonic 
boundary layer transition. Flow conditions are essentially the same as in Ma and Zhong [12].  The 
difference in the two simulations is that we actually resolve the blunt leading-edge, while they assumed it 
to be sharp and then essentially overstepped the associated singularity.  Table 1 gives the flow parameters 
and Fig. 1 shows the schematic diagram of the computational set up.  The leading edge of the plate is 
modeled as a super ellipse of the form 
        
(x − a)4
a4
+ y
2
b2
=1.                                                                   (8) 
 
Here b is the half thickness of the plate and computations are performed for several values of thickness 2b 
= 0.0005, 0.005, 0.05 cm.  The aspect ratio a/b is taken as 10 hence the blunt leading edge is joined with 
the straight portion of the plate at x = 10b.  It should be noted that sharp flat-plate experiments, in general, 
employ beveled leading edges with very small leading edge radii. 
 
Table 1.  Flow parameters used in this study 
Freestream Mach number M∝ = 4.5 
Free stream Reynolds number Re∝ = 7.2*106/m 
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Free stream density  ρ∝ = 4.319*10-2 kg/m3 
Free stream pressure p∝= 807.57 N/m2 
Free stream velocity U∝ = 728.0 m/s 
Free stream temperature T∝ = 65.15 °K 
Free stream kinematic viscosity ν∞ = 1.0112*10-4 m2/s 
Wall temperature   = Adiabatic condition 
Prandtl number Pr = 0.72 
Ratio of specific heats γ  = 1.4 
Length scale 
ν∞x0
U∞
= 3.727*10−4 m. ( x0 =1.0 m.) 
The boundary layer thickness at x =1 m. δ0 = 6 mm. 
The non-dimensional frequency F is defined as F = 2πν∞ f
U∞
2 ,  
where f is the frequency in Hertz.  For the above flow conditions, F = 1*10-4 corresponds to a frequency 
of 83.0 kHz. 
The grid is generated using analytical formulae. The grid stretches in the η direction close to the wall and 
is uniform outside the boundary layer. In the ξ direction, the grid is symmetric about the leading edge and 
is uniform in the flat region.  Highly refined grid is employed in the leading-edge region to provide 
sufficient resolution to capture the receptivity phenomenon in the presence of bluntness.  The outer 
boundary that lays outside of the shock follows a parabola with its vertex located a short distance 
upstream of the leading edge of the plate. The computational domain extends from x = -0.01 to 2.5 meters 
in the axial direction.  This gives a maximum (square root of length) Reynolds number Re = 4250.0 at the 
end of the computational domain.  Calculations were performed using a grid size of 8001*251.  Due to 
the very fine grid requirement near the nose, the allowable time step is very small and the computations 
become very expensive to simulate the unsteady computations in the entire domain at once.  To overcome 
this difficulty, calculations are performed in two steps. First, the flow field is computed in the leading-
edge region with a very small time step.  Second, the flow properties in the middle of this domain are fed 
as inflow conditions for the second larger domain which allows computations to be performed with a 
larger time step.  
 
3.1 Linear instability  
 
For future reference, linear stability results for the above flow conditions but using mean flow profiles for 
compressible Blasius boundary layer are presented in Fig. 2.  Figure 2(a) shows the neutral stability 
diagram in (Re, F) plane for two-dimensional disturbances, both in the first and second mode (see [4]) 
regimes.  Figures 2(b)-(d) show the variation of eigenvalues ( ir αα , ) for the slow (Mode S) and fast 
(Mode F) modes for the frequencies F = 2.2, 1.1, 0.6 *10-4.  The stability curves exhibit the long region of 
neutrally stable Mack’s first mode followed by very narrow strongly unstable second mode region. These 
modes belong to the slow mode or the Mode S where the phase speed starts from 1-1/M and tends to 
increase towards the free stream value.  On the other hand, the fast mode or the Mode F, for which the 
phase speed starts from 1+1/M and then decreases, is in general stable (see, however, [10]).  At some 
downstream location the phase speed of mode F equals that of the continuous spectrum with phase speed 
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Cr = 1.0.  These points are marked in the figure and listed in Table 2 for the frequencies F = 2.2, 1.1, 0.6 
*10-4 .  At these locations, the decay rate of mode F goes through a jump which is clearly evident for the 
higher frequency case in Figure 2(b).  The synchronization of mode F with Mode S (i.e., where the phase 
speed of the two discrete modes becomes equal) occurs further downstream well into the second mode 
unstable region. 
 
Table 2  Locations where phase speed of mode F equals Cr = 1.0 continuous spectra 
 
F Re X (m) 
2.2 755 0.079 
1.1 1521 0.321 
0.6 2804 1.092 
 
 
3.2 Acoustic waves. 
 
The linearized Euler equations in a uniform mean flow are: 
 
                                        
∂ρ
∂t + U0
∂ρ
∂x + ρ0
∂u
∂x + ρ0
∂v
∂y + ρ0
∂w
∂z = 0,
ρ0 ∂u∂t + ρ0U0
∂u
∂x = −
∂p
∂x ,
ρ0 ∂v∂t + ρ0U0
∂v
∂x = −
∂p
∂y ,
ρ0 ∂w∂t + ρ0U0
∂w
∂x = −
∂p
∂z ,
ρ0cp ∂T∂t + ρ0U0cp
∂T
∂x =
∂p
∂t +U0
∂p
∂x ,
P0 = ρ0 RT0,
p = ρ0 RT + ρRT0 .
                                                  (9) 
 
The solution of this system can be written as 
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Here the pressure p is in the form 
 
p = pampei(αacx +ε ac y+β ac z−ωt ).                                                   (11) 
 
The dispersion relation among the wavenumbers αac, βac, εac and the frequency ω is given by 
 
(αacU0 −ω)2 = (αac2 + βac2 + εac2)a02.                                             (12) 
 
For acoustic disturbances with zero sweep (i.e., βac=0), the x-wavenumber αac can be expressed as 
 
              αac = ω cosθy(U0 cosθy ± a0) .                                                        (13) 
Here θy = tan−1 εacαac
⎛ 
⎝ ⎜ 
⎞ 
⎠ ⎟  is the incident angle and for εac < 0 the plate is radiated from above and for εac > 0 
the plate is radiated from below or represents the wave which is reflected from the plate. The plus sign 
corresponds to the fast moving wave and the minus sign corresponds to the slow moving wave. The 
corresponding phase speeds are C = U0 ± a0cosθy .   The wavenumber of the fast moving wave is 
αac < ωU0 + a0  and for the slow moving wave αac >
ω
U0 − a0
 and the incident angle is limited by 
θ y < cos−1 1M
⎛ 
⎝ ⎞ ⎠ .   For M = 4.5 and F = 0.6*10-4, wavenumbers of the fast moving and slow moving 
waves are αac < 0.1317 and αac > 0.2070 and the incident angle of the slow moving wave is limited to 77 
degrees.  Table 3 gives the wavenumbers and the wavelengths in dimensional units for the slow, the fast 
acoustic waves and the two discrete modes at Re = 200. 
 
Table 3 Values of αac  and wavelength for different  incidence angles 
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The variation of the phase speed with the Reynolds number Re = ∞∞ ν/xU  for two-dimensional slow 
and fast instability modes are plotted in Fig. 3 for the frequency F = 0.6*10-4. The phase speed of the two-
dimensional fast mode in the boundary layer continuously decreases from its initial high value up to the 
largest Reynolds number of 4000 computed in this study.  For the slow mode it increases from its initial 
low value up to the Reynolds number of 4000, with a kink in between.  For this frequency, Mack’s first 
mode is unstable between Reynolds numbers of 580 to 1990 and the second mode is unstable between 
Reynolds numbers of 3020 to 3800 and the fast mode remains stable in this case. The figure also depicts 
the phase speed of the fast and slow acoustic waves for zero incidence angles.  The perfect phase speed 
matching with the acoustic waves occurs at Re = 100 for the slow mode and Re = 200 for the fast mode.  
For the unit Reynolds number of 7.2*106/m, Re = 200 is located at 5.6 mm from the leading edge of the 
plate while the neutral point for the first mode is located close to x = 47 mm.  Therefore, strong 
generation of instability waves is expected in the leading-edge region where bluntness and non-parallel 
effects will also become important.  Comparison of Figure 2 and 3 shows that the phase synchronization 
of the fast and slow modes occurs well into the second mode instability region, while the phase speed of 
the fast mode equals unity just ahead of the second mode neutral point. 
 
3.3 Mean flow 
 
Figure 4 shows the mean flow density contours extracted from the Navier-Stokes computations. Figure 
4(a) shows the entire domain for the leading edge bluntness of 2b = 0.0005 cm. and Figs. 4 (b), (c), (d) 
show the flow field near the leading edge for the leading edge bluntness 2b = 0.0005, 0.005, 0.05 cm. The 
leading edge shocks are located approximately at 0.0003, 0.0007 and 0.0040 cm. upstream of the leading 
edge. Figure 5 shows the mean pressure distribution along the surface for the three different bluntness 
cases. The density profiles at x = 0.01, 0.05, 0.20, 0.50, 1.0 1.5 meters. ( Rex = 268, 600, 1200, 1897, 
2683, 3286) are plotted in Fig. 6(a) for the case 2b = 0.0005 cm. Figure 6(b) shows the same profiles in 
the similarity coordinates. The compressible Blasius similarity profile is also included for comparison. It 
is seen that very close to the leading edge, there exists a strong shock and that the associated compression 
is followed by an expansion over the leading edge and the shock becomes weaker away from the leading-
edge region. The boundary layer profiles slowly approach the Blasius similarity profile close to x = 0.5 
meters.  
Figure 7(a) shows the comparison between the growth rate computed using the similarity profiles and the 
profiles obtained from the numerical simulation for the wave with F = 0.6*10-4.  Figures 7(b) and (c) 
show the second derivative of the temperature for the two mean profiles at the station x = 0.5 and 2.0 
meters.  It is seen that the stability results obtained using the Navier-Stokes mean flow for the two small 
bluntness cases agree reasonably well with those obtained using the Blasius similarity profiles.  However, 
for 2b = .05 cm, there is significant difference both for the mean flow and the stability results.  Another 
θy Slow 
acoustic 
Fast 
acoustic 
Slow 
Stability 
Re= 200 
Fast 
Stability 
Re = 200 
0 0.2070 
(11.31 mm) 
0.1317 
(17.77 mm) 
0.2024 
(11.43 mm) 
0.1318 
(17.77 mm) 
30 0.2166 
(10.81 mm) 
0.1281 
(18.27 mm) 
0.2024 
(11.43 mm) 
0.1318 
(17.77 mm) 
45 0.2348 
(9.97 mm) 
0.1225 
(19.11 mm) 
0.2024 
(11.43 mm) 
0.1318 
(17.77 mm) 
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observation is the difference between the stability curves for the fast and the slow modes for the 2b = 0.05 
case. Though both modes are stable near the leading edge, the fast mode is less stable than the slow mode. 
This difference in damping rates of the modes may become a discriminator in determining the relative 
significance of the receptivity mechanisms associated with slow and fast acoustic waves in this case. 
 
3.4 Interaction of slow and fast acoustic waves with the boundary layer 
 
After the mean flow is computed, two-dimensional slow and fast acoustic waves are introduced at the 
outer computational boundary. The computations are performed for three frequencies F = 2.2, 1.1 and 
0.6*10-4.  For the unit Reynolds number of the computation, these correspond to 182.6 kHz, 91.3 kHz and 
49.8 kHz, respectively. The amplitude of the acoustic waves forced at the outer boundary are 
˜ p ac / p∞ = 0.0001 for the frequencies F= 2.2*10-4 and 1.1*10-4 and ˜ p ac / p∞ = 0.00001 for the low 
frequency F = 0.6*10-4.   Since lower frequencies yield larger integrated amplification, the smaller forcing 
amplitude for the latter case keeps boundary layer disturbances in the linear regime.  The highest 
frequency was selected to match that used in Ref. [12] while the intermediate frequency was .5 times the 
highest.  The lowest frequency was selected to yield large disturbance growth.  High frequency 
disturbances are introduced first in the boundary layer and grow to small amplitudes and then decay.  Low 
frequency disturbances become unstable further downstream but grow to larger amplitudes and lead to 
boundary layer transition in low disturbance environments. 
 
Figure 8 shows the results for the evolution of the unsteady fluctuations obtained from the simulation for 
the slow wave at a fixed time.  Figure 8(a) shows the contours of the density fluctuations in the entire 
domain and Fig. 8(b) depicts the results inside the boundary layer. The perturbation field can be divided 
into four regions. One region is the area outside the shock where the acoustic waves propagate uniformly. 
The second region is the shock layer across which the acoustic waves are transmitted. The third region is 
the area between the shock and the boundary layer. This region consists of transmitted external acoustic 
field and the disturbances that are radiated from the boundary layer. The fourth region is the boundary 
layer where the boundary layer disturbances evolve.  The figures show that the disturbances inside the 
boundary layer originate in the leading-edge region. The figure also illustrates the evolution of the first 
mode near the leading-edge and the transformation of the first mode to the second mode in the 
downstream. 
 
Figure 9 shows the evolution of wall pressure fluctuations induced due to the slow and fast acoustic 
waves of three different frequencies.  Note that in Fig. 9, different vertical scales are used to present 
results for the slow and fast modes.  This is because the slow mode is much more efficient in generating 
boundary layer instability; the second mode amplitude for the F = 0.6*10-4 case is about 20 times higher 
for the case of slow acoustic wave as compared to the case with fast acoustic wave.  Fedorov [11] 
computed response to the fast and slow acoustic waves for a frequency of 0.5*10-4 and found that the 
response to the slow acoustic waves is almost 50 times that of the fast acoustic waves.  Thus, the present 
results, based on direct Navier-Stokes simulations, are in qualitative agreement with the theoretical results 
of [11]. This ratio is about 15 for F = 1.1*10-4, although the second mode is not filtered out in the case of 
fast wave excitation.  For the higher frequency case of F = 2.2*10-4 and forcing with fast acoustic wave, 
Mack’s second mode is buried in the computed signal which appears to be dominated by mode F.  Ma 
and Zhong [12] also computed this same case and filtered out the second mode.  Using their amplitude for 
the second mode, our results indicate that slow acoustic wave yields second mode amplitude that is about 
10 times as large.  Therefore, relative significance of receptivity via slow acoustic waves as compared to 
fast acoustic waves decreases with increasing frequency.  However, excitation with slow mode is always 
dominant for the present case of adiabatic wall boundary layer.  
Figure 10 shows the amplitude of the pressure fluctuations along the wall for the frequency F = 0.6*10-4 
using the log scale. Figure 10 also includes the results from the parabolized stability equations (PSE) 
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computations obtained for the same mean boundary layer profiles. The figures clearly show the initial 
generation and the eventual exponential growth of the instability waves inside the boundary layer. The 
slow wave whose wavelength is close to the wavelength of the instability wave near the leading edge 
transforms into instability waves rather directly. The growth of the disturbances agrees very well with the 
PSE results a short distance downstream of leading edge.  Tracing the PSE results backward to the neutral 
point, the initial amplitude of the instability waves at the neutral point can be estimated. From these 
values the receptivity coefficients defined by the initial amplitude of the pressure fluctuations at the wall, 
non-dimensionalized by the free-stream acoustic pressure, can be evaluated:  
 Crecpt,pwall =
(pwall )n
pac
                                                              (14) 
 The computed receptivity coefficients associated with the slow and the fast acoustic waves are 
                                                             Crecpt,pwall ,S = 9.0  
  Crecpt,pwall ,F = 0.45                                                                 (15) 
Thus, the receptivity coefficient for the slow mode is 20 times that of the fast mode for the forcing 
frequency of F = 0.6*10-4.  The receptivity coefficients for the frequencies F = 1.1, 2.2*10-4 are 
computed to be about 4 and 2, respectively, for the slow mode. 
 
Here, the use of PSE to compute the receptivity coefficient is somewhat arbitrary as it does not trace the 
modes well at low Reynolds numbers; the approach is particularly problematic for the fast mode.  
However, what is important is the relative significance of the slow and fast modes and that information is 
correctly captured.  Thus, instead of stating that the receptivity coefficient for the slow mode is 20 times 
that of the fast mode (for F = 0.6*10-4) we could equally state that the maximum (linear) amplitude 
attained due to slow acoustic wave forcing is 20 times that for the case of fast acoustic wave 
forcing. 
 
Figure 11 shows the wavenumber variation along the streamwise direction calculated from the wall 
pressure fluctuations generated by the slow and the fast acoustic waves for the frequency F = 0.6*10-4. 
This is achieved by first decomposing the fluctuations into harmonic components of the form 
  p(x,z,t) = ˜ p (x)e− iωt + c.c                                                    (16) 
 
and, then evaluating wavenumber of the fluctuations from the expression 
 
α(x) = ( 1
i˜ p (x)
∂˜ p (x)
∂x )
= α r + iα i
                                                            (17) 
Results are shown for both the slow and fast modes.  The figure also includes the wavenumber 
distributions obtained from linear stability computations.  Downstream of the leading-edge region x > 
0.02 m, the wavenumber distribution computed using Eq. (17) agrees very well with the linear stability 
theory results. The interesting part is how the slow acoustic wave with a higher wavenumber interacts and 
merges with the instability waves inside the boundary layer. The wavenumber near the nose region first 
decreases slowly up to x ~ 0.01 m., it then increases slowly for x > 0.01 m. and merges with the first mode 
disturbance around x ~ 0.02 meters.  The two solutions continue to agree beyond this point.  The fast 
stability mode is also excited very near the leading edge as is evident by the agreement between the linear 
stability and the numerical simulation results.  At a location close to x = 1 m, the wavenumber jumps to 
the values correspond to the slow mode.  We also plotted the variation of the phase speed for the fast 
mode computed using linear stability theory.  The location where the phase speed equals the free stream 
velocity (Cr = 1.0) is also marked in the figure.  At this location, the fast mode intersects with the Cr = 1.0 
continuous spectrum  and is signified by a jump in the imaginary part of the eigenvalue for the fast mode.   
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3.5 Effect of Bluntness 
 
To investigate the effect of leading-edge thickness on the stability and the receptivity process, 
computations are performed for three different thicknesses 2b = 0.0005, 0.005 and 0.05 cm.  Figure 12 
shows the evolution of wall pressure fluctuations induced by the slow acoustic wave for the frequency F 
= 0.6*10-4.  The maximum amplitudes for these three cases are 0.0292, 0.0133 and 1.0 * 10-6.  For the 
two smaller thicknesses of 0.0005 and 0.005 cm, the evolution of disturbances is similar except that the 
boundary layer becomes less unstable with increasing bluntness. The ratio between the maximum 
amplitudes for the leading-edge thicknesses of 0.0005 and 0.005 is 2.2 from numerical simulation and is 
2.0 from PSE prediction.  Hence, it can be argued that the receptivity becomes weaker with increasing 
bluntness but only by a small amount of about 10%.  The more interesting results are for the larger 
thickness case 2b = 0.05 cm, for which the Reynolds number based on leading edge radius is 1800.  As 
noted earlier, the first mode is very stable for this case.  In addition, the second mode unstable region is 
narrower and the peak growth rate is lower than the other two cases for the same frequency.  Comparing 
with the PSE results, it is clear that the disturbance evolution computed from Navier-Stokes simulation 
essentially follows a path that is expected for the first and second mode disturbances.  Thus, the slow 
acoustic wave excites the stable first mode very near the leading-edge region and, since this disturbance is 
stable, it decays by about two orders of magnitude before it starts to grow again in the unstable second 
mode region. The receptivity coefficient based on the disturbance amplitude near the neutral point x = 1.0 
is about 0.004.  However, this low value is an artifact of the strongly damped first mode region.  The 
disturbance amplitude in the leading-edge region is of the same order as for the cases with smaller 
leading-edge thickness.  Thus the overall effect of bluntness make the supersonic flat plate boundary layer 
akin to low speed boundary layers where TS neutral point is preceded by a strongly attenuated region 
making leading-edge receptivity less significant as compared to localized receptivity near the neutral 
point.  Therefore, it will be interesting to investigate whether inter-modal exchange induced by fast mode 
forcing could yield higher disturbance amplitudes near the second mode neutral point. 
 
A calculation was performed for the case of 2b = .05 cm with forcing by the fast acoustic waves and the 
results are presented in Fig. 13.  By comparing the results with those in Fig. 12 (see also Fig. 7(a)), it can 
be seen that the disturbance induced by fast waves do not decay as much in the first mode region, giving 
rise to the second mode maximum amplitude of 2.5176*10-5, which is about 21 times higher than that in 
the case of slow wave forcing.  However, it is still lower by almost three orders of magnitudes when 
compared to the case of 2b = .0005m.  It can be concluded that while bluntness stabilizes the boundary 
layer, it does influence relative significance of forcing by slow and fast modes.  It seems that anything 
that stabilizes first mode disturbances will enhance the significance of the mechanism of inter-modal 
exchange which is induced by forcing via fast acoustic waves.  This observation is consistent with the 
finding of Fedorov [11] that wall cooling could lend significance to the mechanism of inter-modal 
exchange as compared to forcing via the slow acoustic waves. 
 
We note that the effect of bluntness on hypersonic boundary layer stability is much stronger for the flat-
plate case as compared to circular cones (see [19]), due to much longer entropy swallowing distance in 
the former case.  The strong stabilization of the boundary-layer due to small bluntness could be used to 
delay laminar-turbulent transition on hypersonic vehicles.  In fact, this was earlier suggested by 
computations based on linear stability theory and the knowledge gained was used in the design of 
National Aero-Space Plane.  The present direct numerical simulations have confirmed earlier findings 
based on linear stability theory. 
 
3.6 Effect of Angle of Incidence 
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Computations are performed for three incident angles 10, 30 and 45 degrees.  Figure 14 shows the 
unsteady density fluctuations and Fig. 15 shows the density fluctuations inside the boundary layer.  Figure 
15 shows the results at three different streamwise locations to illustrate the evolution of instability waves 
inside the boundary layer.  First observation is that the acoustic waves are weakly transmitted through the 
shock in the lower part of the domain. This agrees with the prediction and analysis in Ref. [13], even 
though the leading edge was not properly resolved in their simulation.  In the upper part, acoustic wave 
transmission through the shock is much stronger as evident from the disturbed flow field between the 
plate and the shock.  Figure 16 shows the amplitude of the pressure fluctuations at the lower and upper 
side of the wall for the three incident angles.  The maximum amplitudes at the upper (leeward) and the 
lower (windward) sides of the plate and their ratio are given in Table 4. 
 
It is seen that the maximum amplitudes are smaller on the lower (windward) side compared to the upper 
(leeward) side.  This effect increases with increasing angles of incidence. For incidence angles of 10, 30 
and 45 degrees the ratio between the maximum amplitudes at the upper and the lower sides are 1.5, 2.2 
and 2.5, respectively. Hence the receptivity becomes weaker on the lower side compared to the upper side 
with increasing incidence angles. The maximum amplitude increases by a small amount for 10 degrees 
incidence angle and then decreases slowly for larger incidence angles.  For the 45 deg case, maximum 
disturbance amplitude in the boundary layer drops by a factor of about 1.7.  For the windward side, the 
maximum disturbance amplitude drops at a faster rate; it decreases by a factor of 4.3 when incidence 
angle increases from 0 to 45 deg.  Our finding that the response of the top boundary layer to the acoustic 
waves incident from below is stronger than that of the bottom boundary layer does not seem to support 
Kendall’s [3] expectation “that waves arriving from the lower half of the tunnel do not affect the plate 
topside boundary layer”.  
 
Table 4  Maximum amplitudes of pressure fluctuations for different incident angles 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 17 shows wall pressure fluctuations on the log scale for the incidence angles of 10, 30 and 45 
degrees. It is seen that near the leading edge, the upper side is disturbed more than the lower side.  The 
initial amplitudes are essentially larger on the upper side as compared to the lower side and the ratio of 
the two, as given in the table, increases to 2.5 when the incidence angle is increased to 45 degrees. 
 
Ma and Zhong [20] also studied the effect of incidence angle for the Mach 4.5 boundary layer and found 
that the response coefficient decreases with the incidence angle of the slow acoustic wave. We note that 
qualitatively similar results with respect to the effect of incidence angle were obtained in the study carried 
out by Egorov et al. [13], albeit at a higher Mach number.  As pointed out earlier, leading edge was 
treated as an unresolved singularity in Ref [13] as well as in [20], while it was properly resolved by 
θy Lower Upper Ratio 
=Upper/Lower
0 0.0293 
 
0.0293 
 
1.0 
10 0.0232 0.0330 1.5 
30 0.0132 
 
0.0290 
 
2.2 
45 0.00683 
 
0.0169 
 
2.5 
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providing a sufficient number of grid points in the present study.  Therefore, we make the observation that 
the shape of the leading edge does not seem to have a profound effect on at least the qualitative 
characteristics of the receptivity process. 
4 Conclusions 
 
The response of a boundary layer to two-dimensional slow and fast acoustic waves is numerically 
investigated for a free stream Mach number of 4.5 and at a Reynolds number of 7.2*106/meter.  Both the 
steady and unsteady solutions are obtained by solving compressible Navier-Stokes equations using the 
5th-order accurate weighted essentially non-oscillatory (WENO) scheme for space discretization and using 
a third-order total-variation-diminishing (TVD) Runge-Kutta scheme for time integration.  The geometry 
considered is that of a flat plate with a finite-thickness leading edge, which is resolved by providing a 
sufficiently dense grid in that region. 
 
The results show that the instability waves are generated very close to the leading edge and the receptivity 
coefficient is about 9 times the amplitude of the forced slow acoustic wave.  It is also found that the 
amplitude of the instability waves generated by the slow acoustic waves is about 20 times larger than that 
for the case of fast acoustic waves.  Therefore, forcing by slow acoustic waves should result in earlier 
transition in supersonic and hypersonic boundary layers.   
 
Computations are performed to study the effect of leading edge thickness and it is found that bluntness 
has a significantly stabilizing influence on the boundary layer, even for a relatively low Reynolds number 
based on the leading edge radius of 1800.  It is also found that the role of fast acoustic waves is enhanced 
by bluntness as, in this case, the inter-modal exchange mechanism yields higher disturbance amplitude at 
the second mode neutral point location when compared to the case of forcing with slow acoustic waves.  
The stabilizing effect of small leading edge bluntness can be employed for transition delay in the design 
of hypersonic vehicles. 
 
The effect of incidence angle of the acoustic waves is also studied and it is found that the receptivity of 
the boundary layer on the ‘windward’ side (with respect to the incident waves) decreases by a factor of 
4.3 when the incidence angle is increased from 0 to 45 deg.  On the other hand, receptivity of the 
boundary layer on the ‘leeward’ side varies relatively weakly with the incidence angle.  In this case, 
maximum disturbance amplitude in the boundary layer first increases by a factor of 1.1 and then drops by 
a factor 1.7 when the incidence angle increases to 45 deg. 
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Figure 1. Schematic diagram of the computational model. 
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Figure 2. (a) Neutral stability diagram. (b), (c), (d) Eigenvalues (αr, αI ) for fast and slow modes for  
 F=2.2, 1.1, 0.6 *10-4.The solid circle indicates the location where the fast mode intersects 
with the cr=1.0 continuous spectrum.
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Figure 3. Variation of phase speed of the fast and slow instability modes along with the acoustic 
waves. 
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Figure 4. Computed density contours for Mach 4.5 flow over flat plates with leading-edge 
bluntness. 
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Figure 5. Pressure distribution along the surface for three levels of bluntness. 
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Figure 6. Mean density profiles at different X locations for 2b = 0.0005 cm. 
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Figure 7.  (a) Comparison of disturbance growth rate computed using the Blasius similarity profiles 
and the profiles from the numerical solution. (b), (c) Comparison of second derivatives for the 
temperature. 
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Figure 8. Contours of the unsteady density fluctuations due to the interaction of slow 
acoustic wave with a blunted flat plate: F = 0.6*10-4, incident angle 0.0. 
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Figure 9. Wall pressure fluctuations generated by two-dimensional slow and fast acoustic modes for 
F=2.2, 1.1, 0.6*10-4. (Note difference in scales) 
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Figure 10. Amplitude of the pressure fluctuation at the wall and comparison with PSE results.  
F=0.6*10-4, incident angle 0.0. 
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Figure 11. Wavenumber of the (wall) pressure fluctuation and comparison with linear stability 
results.  F=0.6*10-4, 2b = 0.0005.  
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Figure 12. Wall pressure fluctuations generated by two-dimensional slow acoustic waves of  for the 
flat-plate with thickness 2b and forcing frequency F = 0.6*10-4. 
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Figure 13. Wall pressure fluctuations generated by two-dimensional fast acoustic waves of 
frequency F = 0.6*10-4. 
 
 
Figure 14. Contours of the unsteady density fluctuations due to the interaction of slow 
acoustic wave of frequency F = 0.6*10-4 (incident from below at an angle of 30 deg) with a 
flat plate with thickness 2b = 0.0005 cm. 
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Figure 15.  Results of Figure 14 on an expanded scale to show details. 
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Figure 16. Pressure fluctuations on the top and bottom surfaces of the flat-plate (2b=.0005) 
generated by two-dimensional slow acoustic wave of frequency F= 0.6*10-4, incident from below 
at different angles. 
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Figure 17.  Results of Figure 16 plotted on the log-scale. 
